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* BOMB TRAJECTORIES. 

By Edwin Bid well Wilson. 

I. INTRODUCTORY. 

The trajectory of a bomb of high terminal velocity dropped from a great altitude such as 
30,000 feet requires a complicated analysis much like that for the trajectory of a shell fired at a 
high angle. For, in the first place, the changing density of the air can not be wholly ignored, 
and in the second place, the air resistance as a function of the velocity is exceedingly complicated, 
and, in particular, as the bomb may pass through the velocity of sound in air, all sorts of com- 
plications leading even to instability and tumbling, -which render any calculation of the trajectory 
illusory, may be present. 

I have pointed out in a previous note on the Limiting Velocity of Free Fall that bombs of 
high terminal velocity must fall over 10,000 feet and acquire a velocity of 800 ft./sec, that 
bombs of lower terminal velocity must fall through even greater distances, and that there is 
tolerable agreement among ballisticians that up to velocities of about 800 ft./sec., the simple 
square law of resistance (B « v*) holds for solid shell-like bodies. The problem which I wish 
to treat here is that of the trajectory of a bomb launched horizontally when the fall is not so 
great that the velocity exceeds 800 ft./sec, at any point of the path. Only the first approxi- 
mation founded on the assumption of constant air density will be developed. 

H. GENERAL CONSIDERATIONS. 

This problem has been treated in several ways in an elementary manner, e. g., by E. L. 
Gayhart in "Aviation," Volume IH, No. 12, January 15, 1918, pages 819-822, after the German, 
by Ernest Hemkel. My discussion, likewise elementary, is that which I have given students 
of aeronautical engineering at the Massachusetts Institute of Technology, and which may be 
of interest to others. 

If Fbe the velocity in path, if, v the component velocities horizontal and vertical downward, 
respectively, U the terminal velocity, the resistance is B = Tc V = WV*f V 3 pounds, where Wis the 
mass. The equations of motion are 

du uV dv ( vV\ . 

or 

according as the motion is referred to rectangular axes or to the tangent and normal to the path 
(radius of curvature =r). 

The second of (2) may be written 

and compared with the equation for vertical fall in which V=v. For the trajectory Vfv is 
always greater than unity and hence the increase of V with the vertical drop y is always less 
than the increase of v with vertical dcop y when the fall is itself vertical. In other words, in 
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the trajectory the bomb gains tangential velocity with vertical drop more slowly than vertical 
velocity is gained in free fall. 

Now bombs are roloased with a horizontal velocity V 0 = u o winch is small rclativo to their 
terminal velocity U. Even a fast-moving airplane will hardly exceed 200 ft./soc, and a bomb 
with low terminal velocity will have U probably not less than 800 ft./sec., so that uJU is almost 
suro not to exceed 1/4. In the case of free fall ... 



2 #-i« g ,(.-%T)-.og.(.-^) 



and the distance 7i of fall requirod to reach a velocity of v from rest excoods that required to 
reach the same velocity from an initial vertical velocity of v 0 = 17/4 by only the amount 



_ jjt / i\ U* /£7\> 



If U be 800 ft./sec, the additional distance is only 625 feet. 

It may therefore be stated that a bomb launched horizontally with a velocity as high as 
200 ft./sec. and with a terminal velocity as low as 800 .ft./sec. will require^ to attain a linear 
(tangential) velocity of V, a vertical drop of less than 625 feet loss than that required by a body 
falling from rest; — (If vj U is, as it generally is, decidedly smaller than 1/4, the distance 025 
feet is very much reduced.) 

The reasoning shows that for all practical purposes one may consider that a velocity on a 
trajectory will remain under 800 ft./sec. even though the initial velocity be high, provided the 
vertical drop is not so large as to generate a vertical velo.eity in excess of. 800 ft./sec in the case 
of free fall. This brings the safety limit for the application of the square law for resistance 
back practically to the case of the previous note. 

The relation between the arc s described on the trajectory and the velocity acquired may 
be discussed from the second of (2). 

For "' : '" ~ 

„dV (v V>\ 

may be compared with 

dv A tf\ 

to see that tangential velocity Fis gained along the trajectory relative to the distance traveled, 
s, much more slowly than vertical volocity is gainod relative to y in the caso of straight fall, 
the term vJV being always less than 1. In fact, at the start, tangential velocity is lost, since 
v/V=0. 

III. PRELIMINARY INTEGRATION. 

With reference to the arc s of the trajectory the first oquation of (1) may be integrated. 

Thus— . - - 

du du ds ir du du jm icn 

The horizontal velocity falls off exponentially with the arc traveled. For example, if £7 "=800, 
gl U* = 1/20,000; the horizontal velocity will be reduced 1/2 only after a travel of 14,000 foct. 
Now if the time to be eliminated between the two equations (1) to obtain the differential equation 
of the trajectory, or, better, if the first equation of (2) be used for this purpose, it is seen that 



For 



^i-ie*'!"'. (4) 
d%* u 1 % 2 

d?y d*y fry 

t dx 1 "<?x a " " ^? u 
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(This shows that the equation ^^ = ^ holds for any law of resistance.) Hence the second 

derivitive of y by x increases inversely as the square of the horizontal velocity or increases 
exponentially with the arc of the trajectory. For the parabola followed by the bomb in vacuo 
f7=oo and 

dx 3 < .. WJ 

Inasmuch as 



and since e?o' lu *>l, it follows at once from (4) and (4') that, for a given horizontal travel x, 
a bomb will fall farther in the air than in vacuo — or, for a given drop h, a bomb will fall short 
in the air as compared with its position in vacuo. (This would seem to be self-evident, but 
Hemkel, as translated by Gayhart in "Aviation," cit. sup., states that "the paradox may 
arise that because of resistance the bomb will travel farther in the air than if in a vacuum" — 
a remark that I do not understand.) 

IV. THE PARABOLA. 

If axes be taken at the starting point, the trajectory in vacuo is the parabola 

V = 9^f'2u» = 1/2 ma? if m = g/u e \ 

This is the first approximation for the trajectory. 

The arc of the parabola y = l/2 may be obtained as a series, namely, 

8 =J* ■y,ll + m 1 x i d~x = J (1 + 1/2 mV+ ) dz=x + l/6 mV+ 

The approximation is good as long as mz is small relative to 1 ; it becomes bad as'mx nears 1, 
and for mx> 1 the series diverges. Nowm=gr/«o 2 . If is as high as 180 ft./sec, m is as small 
as 1/1000, and the horizontal travel may be several hundred feet before s differs much from x. 
If, however, the airplane be moving at only 115. ft./sec., = 13,200, m=g/u 0 * = 1/400, and the 
horizontal travel can hardly exceed 300 feet before s becomes considerably different from z. 
As mx is the quantity determining the degree of approximation, the equation y = l/2 mx* may 
best be written as y = (jnx)x/2, from which it is seen that the drop in vacuo can only be a few 
hunched feet at best if mx is to remain small. For these small drops the trajectory in air does 
not depart appreciably from that in vacuo. 

V. THE SECOND APPROXIMATION. 

The departure from the parabola for moderate drops may be calculated by integrating (4) 
with 8=3. "* 

The expansion may be reverted so that x appears as a series in y 1/2. 



(0) ' 



If uj Z7= 1/4, as might be the case for a high-speed machine and a bomb of low terminal 
velocity, the correction shows that the bomb in air will fall short of the parabolic position 
by — Ax = ?//24. As the approximation is only good for values of y running to a few hundred 
feet, the error in using the parabola is only some 20 feet at most. In case of a slow machine 
0i 0 = 100) and a high terminal velocity (17= 1,500) the correction would be under 2 feet. 



VI. A THIRD APPROXIMATION. 



The formula (6) for the horizontal carry is not surely valid for values of y as large as 1,000 
feet. It becomes necessary to seek a better integral of (4). The most direct method would 
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be to expand y into a Maclaurin's series by repeated differentiation of (4). Tbe initial conditions 
are 

x=0,y = 0, dy/dx=0, s=0 and dty/dx 2 =g/u 0 2 , 

dx* u 2 U 2 ^ V + \dxj \dJj 0 u* IP 

From this point on the. differentiations become involved. Every time tho exponential is differ- 
entiated the very small factor 2gf IP is introduced, but with the differentiation of the radical 
the factor gfu 0 2 , which is not so small, is had. The results are 

fd*y\_g/2g\ 2 g 2£/ 2firV / g V"] 

The second term in the fifth derivative is large compared with the first if Z7* is a small 
number — and it is almost always very small. The series for y then becomes _ 

The occurrence of the term igxlu 2 ) 2 , with the repetition of similar terms in liigher powers, 
makes itrclear that not gxj U 2 but gx/u 0 2 is the number which must be kept small if the scries 
is to converge rapidly and be valuable. Now, with reference to .the parabolic (first) approxi- 
mation, gx/u a 2 = 2y/x; and hence it is inferred that the series expansion (7) is not valid except 
when 2y/x is not large, i. e., when y is not more than a few hundred feet. In fact, a comparison 
shows that the fourth term in (7) is equal to the second term, which is identical with the cor- 
rection in (5), when gx/u 0 *=4:.5. In the case of a machine for which «„ = 100, x= 1,400. If (7) 
held good for such large values of x, it would be valid up to drops of some 3,000 feet. Tliis 
would be very satisfactory, but there is no assurance that the subsequent terms in (7) will bo 
small relative to those already obtained when gzluf is as great as 4.5. 

However, if the third term of (7) be discarded as small relath'e to the second, tlia approxi- 
mation is 

gx 2 ( \ 2gx gx g*3?\ 

"W?-t£-i&- 

The correction for the carry a; relative to the parabolic path is 

■ ax 3U 2+ 30U 2 WV + 10u,V 

and this is probably good up to values of y considerably larger than those for which (6) was 
proved to hold. For instance, if « o = 200, Z7=800, y= 2,000, then — A* =96 feet, as figured 
from (9), is likely to be a fair correction; but if u 0 = 100 it is doubtful whether (9) would bo good 
up to values of y as great as 2,000. 

VII. A FOURTH APPROXIMATION. 

One way in which to get an estimate' of the true trajectory is to shut it hi between two 
curves, one above, the other below it. Clearly »<*< x +y. When x is small the relative 
approach of s to x is close; when s is larger the relative approach to x+y is fairly good. More- 
over, y<s. 



(8) 

i 

(9) 
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(10) 
(11) 
(12) 

This first is immediately in tegrable to give 

This curve leads to the approximation (5) as a special case. It has, however, but small relation 
to the general features of a long trajectory. The broad fundamental feature of a long trajectory 
is that the projectile drops vertically at the end, i. e., the trajectory has an asymptote. Obvi- 
ously, (13) shows no asymptot-e; every value of x yields a finite value of y. 

VHI. A FIFTH APPROXIMATION. 

The second equation may be integrated by the usual device of introducing the variable 
2) = dy/Jx, d 1 y/dx i =pdp(dy. "' " : : ' : • ■ 

The result is 

C0S -x^. = ^ ory= | logS e C ^. (14) 

T is curve, which, like (13), lies above the true trajectory, is a far better approximation 
when y is large and, the curve is nearly vertical. The curve shows an asymptote at x = ruJ7f2g. 
The true trajectory can not have an asymptote any farther from the origin. If u 0 = 100 and 
27=800, the total limiting forward travel of the bomb can not therefore be more than. 4,000 
feet. The asymptotic distance varies directly with both u 0 and TJ. It is in the case of a light 
object, such as a tennis ball, that the existence of the asymptote is most easily observed. 

The correction for forward carry from the parabola to (14) is an underestimate because 
the true trajectory lies below (14) and consequently nearer the y axis. This correction is 

If w o =200, Z7=80G, y = 2,000, as in the previous illustrative case, the correction (an under, 
estimate) is 38 feet as compared with 96, the accuracy of which is unknown. The very different 
forms of (9) and (15) as. functions of u a are notewprthy. 

If y= 2,000, the value of x from (14) is 2,199. for this valuei.of x. the value of y in (13) 
which also undercorrects the parabola, is easiest found from the series . „ .' 

which avoids the subtraction of nearly equal large numbers. The value of y is 2,082; hence 
(13), which lies too high, lies lower than (14) by 82 feet in this case arid gives a better trajectory. 
This might have been expected from the fact that when y is not too large relative to x, s is much 
nearer to x than to y and (10) must lie nearer the ; true trajectory than (11). 

Now the correction for carry may be found for (13) in this manner. This curve lies 82 
feet lower than (14) when x = 2,199 and its slope is nearly 2. The correction from (14) to (13) 
is therefore 41 feet, which, added to 38, gives 79 as the correction from the parabola as compared 
with 96 from (9). 



BOMB . TRAJECTORIES. 

The following three differential equations are therefore suggestive 
trajectory ... 



g-^f« WD* lying too high, 

g^^rtW, lying too i ow> 
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IX. A SIXTH APPROXIMATION. 

Finally the equation of the curve (12), which is an overestimation, may bo integrated. 
Let 

•-+.£-**>. s-& 

When x = o, y = o, z =0, dy/dx = o, then dz/dx=l and G=l~U*fu 0 *. 

*L- J 

* \V «»* ' 

co S -{^-^^)-co 8 - > /^=^ v /rf, ■ (15) 

j/+x=^[log sec (^/l-^+sin-^ + log ^1 -3£ (16) 

This curve, too, shows an asymptote which, when Uo/Cis small enough so that its square 
may be neglected, is in the position 

and thu9 lies nearer the y axis by the absolute amount u a 2 /g. If u„ -=100 and Z7= 800, as before, 
the new position of the asymptote falls 310 feet short of the old position. Hence a bomb of 
terminal velocity 800 ft./sec. launched horizontally from an indefinite height (in an atmosphere 
of constant density) would have a forward travel approaching some limit between 3,700 and 
4,000 feet, approximately. 

To return to the case of u o =200, C= 800, y =3,000, the best. value Jihus far obtained for z 
is 2,158 on (13) — an overestimate of a; as compared with the true trajectory. Substitute this 
value in (.16). Then y =-2,058 and exceeds 2,000 by 58 feet. As the slope is about 2, this 
means an additional correction of about 30 feet to x-= 2,128. The result is that x lies between 
2,128 and 2,158 feet under these conditions. The approximation (9) gave the value x = 2,l4l — — - 
almost the mean, but this may be accidental. 

X. SUMMARY. 

It has boon shown that when a bomb is launched from an airplane the velocity of 800 
ft./sec. will not be attained before the bomb has fallen a distance practically equal to that 
required for attaining the same velocity in vertical fall from rest. Formulas (6) and (9) have 
been derived for the forward carry (or its correction related to the parabola) in case the vertical 
fall is only a few hundred feet, but neither formula can be expected to apply when y is larger 
than x. Three approximate trajectories (13), (14), (16) have been derived. The true tra- 
jectory lies below (13Q_jand (14) and above (16). _ Curves (14). and (16) resemble the true^tra- 
jectory in showing a vertical asymptote, but until y considerably exceeds x the non-asymptotic 
form (13) is a better approximation than (14). For an initial velocity as high as 200 ft./sec. 
and a terminal velocity as low as 800 ft./sec. the correction from the parabola is not great • 
(about 100 ft.) in a drop of 2,000 feet, and the correction is known to within about 15 feet. 

Massachusetts Institute of Technology, 

Cambridge, Mass., September 82, 1919. 
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